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1. Introduction
The purpose of this paper is to prove three results which arise as consequences of the
work on modules over crossed products done by the authors in [5,6]. This latter work
was done with group-theoretical applications in mind and the results given here have been
foreshadowed in [5,6].
We begin with a translation, from modules over crossed products to modules over group
rings, of the main result of [6].
Theorem 1.1. Let H be a finitely generated torsion-free nilpotent group and let R be a
commutative Noetherian ring. Let M be a finitely generated RH -module with the property
that any non-zero submodule of M has trivial centraliser in H and is not induced from a
subgroup of infinite index in H (that is, M is fully faithful for H and impervious).
Then StabAutH M contains a subgroup of finite index which acts trivially on the
abelianisation H/H ′ of H .
If ρ ∈ AutH , then by Mρ we denote the RH -module with elements those of M and
with H -action defined by m.h = mρ(h). Then StabAutH M is the set of all those elements
ρ ∈ AutH such that M and Mρ have RH -isomorphic essential submodules. For example,
* Corresponding author.
E-mail addresses: brookes@dpmms.cam.ac.uk (C.J.B. Brookes), j.groves@ms.unimelb.edu.au
(J.R.J. Groves).0021-8693/$ – see front matter  2004 Published by Elsevier Inc.
doi:10.1016/j.jalgebra.2004.01.018
486 C.J.B. Brookes, J.R.J. Groves / Journal of Algebra 283 (2005) 485–504if H is commutative and M ∼= RH/P for some prime ideal I of RH , then StabAutH M is
the set of all those automorphisms of H for which the natural extension to RH preserves P .
Theorem 1.1 may be regarded as an extension, from group rings of abelian groups to
group rings of nilpotent groups, of Theorem D of Roseblade [11]. The fact that we have
turned to a non-commutative group ring means that we must replace consideration of prime
ideals of the group ring by consideration of modules over the group ring if the theorem is
to have the same efficacy.
In an earlier paper [4], we used a special version of the results in [5,6] to prove a theorem
about modules over the group rings of torsion-free nilpotent groups. We here extend this
to polycyclic groups. Let G be a polycyclic group. We say that G is connected if G can be
embedded as a subgroup of GL(n,Z) which is connected in the Zariski topology. This is
dealt with in more detail in Section 2.4; it suffices to note here that every polycyclic group
has a torsion-free connected subgroup of finite index.
Theorem A. Let G be a torsion-free connected polycyclic group and let R be a
commutative ring. Let M be an impervious RG-module which is fully faithful for G.
Suppose that M is (Rζ(G)/P )-torsion-free where ζ(G) is the centre of G and P is a
prime ideal of Rζ(G). Set H = G′ζ(G); then M is (RH/P.RH)-torsion-free.
As a simple example, observe that if G has trivial centre and R is a field, then any fully
faithful impervious RG-module must be torsion-free over RG′.
The next result answers Questions 1 and 2 of the first author in [1]. If H is a finitely
generated torsion-free nilpotent group, then AutH can be embedded as an arithmetic
subgroup of GL(n,Q). For further details and references, see the discussion at the
beginning of Section 5.
Theorem B. Let H be a finitely generated torsion-free nilpotent group. Let R be a
commutative Noetherian ring and let M be a finitely generated RH -module. Identify AutH
with a subgroup of GL(n,Q) commensurable with a closed subgroup of GL(n,Z). Then
StabAutH M is commensurable with a closed subgroup of AutH . Hence StabAutH M is
arithmetic.
In [8], the second author considered the automorphism group of a finitely presented
nilpotent-by-abelian group and showed that it was smaller than might be expected. For
example, a soluble subgroup of such an automorphism group is nilpotent-by-abelian-by-
finite. This involved application of Theorem D of Roseblade [11] mentioned above. We use
our extension of Roseblade’s theorem to prove a related result for nilpotent-by-nilpotent
groups.
Theorem C. Let G be a finitely generated nilpotent-by-nilpotent-by-finite group with
Fitting subgroup F . Suppose that no subgroup of finite index of G has a quotient
isomorphic to some wreath product Cp wr C∞. Then the group of automorphisms induced
on G/F by automorphisms of G has a subgroup of finite index which acts nilpotently
on G/F .
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Cp wr C∞ is true when G is finitely presented. There appears to be few finitely presented
groups, however, which are nilpotent-by-nilpotent-by-finite but not nilpotent-by-abelian-
by-finite and so we have stated the theorem in this more general form. We do not know
whether it is true that a soluble subgroup of the automorphism group of G must be
nilpotent-by-nilpotent-by-finite.
Corollary. Let G be as in the statement of the theorem. Any finitely generated extension of
G by a nilpotent group is again nilpotent-by-nilpotent-by-finite.
We make some basic definitions and prove some preliminary results in Section 2. In
Section 3 we prove the basic Theorem 3.1 quoted at the beginning of this introduction. In
Sections 4–6 we prove Theorems A–C, respectively.
2. Preliminaries
2.1. Terminology
Let G be a polycyclic group, R a commutative ring, and M an RG-module.
We say that M is fully faithful for G (or just ‘fully faithful’) if every non-trivial
submodule of M has trivial centraliser in G.
We say that M is impervious if it has no non-zero submodule of the form N ⊗RK RG
where K is a subgroup of G having infinite index. If G is nilpotent, it will suffice to demand
this condition when K is a normal subgroup of G with G/K infinite cyclic.
A non-zero submodule of M is said to be essential if it has non-zero intersection with
every non-zero submodule of M . We say that M is uniform if every non-zero submodule
is essential or, equivalently, if every pair of non-zero submodules of M has non-zero
intersection.
Let ρ be an automorphism of G; then ρ induces an automorphism ρ of RG. We define
Mρ to be the RG-module with underlying abelian group M and RG-action given by
m.α = mρ(α) for m ∈ M and α ∈ RG. Then StabAutH M is the subgroup of AutH of
all those ρ for which M and Mρ have isomorphic essential submodules. An equivalent
condition is that the injective hulls of M and Mρ are isomorphic.
We shall occasionally refer to critical modules. Here we mean critical with respect to
Krull dimension. That is, M is critical if every proper quotient of M has smaller Krull
dimension than M . We refer to [7, Chapter 13] for a discussion of Krull dimension and
critical modules.
The normaliser of K in G is denoted NG(K). A subgroup K of G is isolated if, for all
g ∈ G, gn ∈ K implies g ∈ K . If G is nilpotent, the isolator of K is the set of all elements
g ∈ G such that gn ∈ K for some natural number n; it is a subgroup of G.
The centre of G is denoted by ζ(G) and the derived group by G′.
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Lemma 2.1. Let H be a finitely generated nilpotent group, H0 a subgroup of finite index
in H , and M a finitely generated ZH -module. Then M is impervious as ZH -module if and
only if M is impervious as ZH0-module.
Proof. If M is impervious as ZH0-module, then it is immediate that it is impervious as
ZH -module. Hence suppose that M is impervious as ZH -module.
We may assume that H0 is normal in H ; all subgroups of H are subnormal and an easy
induction argument using a subnormal series will prove the general case.
We begin with two observations which will enable us to reduce the problem to the case
that M is indecomposable injective.
(1) If M is impervious then its ZH -injective hull E(M) is also impervious.
Suppose that E(M) is not impervious. Then there is some non-zero submodule of the
form W ⊗ZK ZH for some ZK-module W with K a normal subgroup of H and H/K
infinite cyclic. This ZH -submodule intersects non-trivially with M and so [2, Lemma 3.5]
shows that this intersection contains a non-zero ZH -submodule which is induced from K .
Thus M is not impervious.
(2) A direct sum of ZH -modules is impervious if and only if each summand is
impervious.
One direction is obvious. On the other hand, suppose that the direct sum contains
a submodule of the form M1 = W ⊗ZK ZH for some non-zero ZK-module W . Then
M1 contains a non-zero ZH -submodule isomorphic to a ZH -submodule M2 of one of
the summands. By [2, Lemma 3.5], M2 contains a non-zero induced module and so the
summand containing M2 is not impervious.
We claim that, to prove the lemma, it suffices to assume that M is indecomposable
injective. We can clearly assume that M is finitely generated. The statement (1)
above shows that the injective hull E(M) of M is also impervious. As M is finitely
generated, E(M) will be a finite direct sum of indecomposable injectives. Each of
these indecomposable injectives is also impervious. If we can show the result for
indecomposable injectives, it will follow that each of these is impervious as ZH0-module
and so, by (2), their direct sum E(M) is impervious as ZH0-module. Thus M will also
be impervious as ZH0-module. We shall henceforth assume that M is indecomposable
injective.
When we consider M as ZH0-module, it will, by for example [3, Lemma 2.2], split
as a finite direct sum of ZH0-submodules M = ∑Mi where the Mi are injective and
indecomposable and form a single orbit under the action of H .
Our arguments will now be based on Krull dimension; we refer to [12] for a discussion
of Krull dimension for group rings and of critical modules. In particular, we note that
(3) if K is a nilpotent group with subgroup K1 of finite index and if N is a ZK-module
of finite Krull dimension, then N has the same dimension both as ZK-module and as
ZK1-module.
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Observe that, because we assume M to be indecomposable injective, it is uniform. If
M1 is a critical ZH -submodule of M having dimension r , then each non-zero submodule
of M will intersect M1 and so will have dimension at least r . We claim a similar statement
for M as ZH0-module:
(4) if L is a critical ZH0-submodule of M having dimension r , then each non-zero ZH0-
submodule of M has dimension at least r .
Observe that L is a subdirect sum of the indecomposables Mi and so, as L is uniform,
it embeds into one of these. As H acts transitively on the set of Mi , it follows that each Mi
has a ZH0-critical submodule of dimension r . If N is a ZH0-submodule of M , then it is
also a subdirect product of the Mi and so has a non-zero projection onto one of them. The
dimension of N is at least that of this projection which is at least r , proving the claim.
Now suppose M is not impervious as ZH0-module and so there is some non-zero ZH0-
submodule L which is induced from a normal subgroup K0 of H0 with H0/K0 infinite
cyclic; let us say L = V ⊗ZK0 ZH0. By replacing V by a critical submodule, we can assume
that V is critical; let s denote the dimension of V . By [12, Lemma 10], L = V ⊗ZK0 ZH0
is critical of dimension s + 1. Thus, by (4), each non-zero ZH0-submodule of M has
dimension at least s + 1.
Now let K be the isolator of K0 in H . It is normalised by H0 and its normaliser is also
isolated in H ; thus it is normal in H and H/K is infinite cyclic. Also K0 has finite index
in K . Take a critical ZK-submodule W of V.ZK and consider the ZH -submodule W.ZH
of M . Because V.ZK is a section of a finite number of copies of V , it also has dimension s
and hence W has dimension at most s. By [12, Lemma 10], W.ZH has dimension at most
dimW + 1 with equality only if W.ZH is induced from K . By (4), however, W.ZH has
dimension s + 1. Thus W.ZH is induced from K , which contradicts the assumption that
M is impervious. This completes the proof of the lemma. 
The next result is a simple application of the previous lemma and will be used in the
next section.
Lemma 2.2. Let H be a finitely generated nilpotent group. Let M be a finitely generated
ZH -module and let N be a submodule of M . If N and M/N are impervious, then so also
is M .
Proof. Suppose not. Then, for some normal subgroup K of H with H/K infinite cyclic,
M has a non-zero submodule of the form M0 = W ⊗ZK ZH for some ZK-submodule W .
If M0 ∩ N = {0}, then M0 is isomorphic to a submodule of M/N , which contradicts the
assumption that M/N is impervious.
Set H = 〈K,x〉 and suppose that w =∑i=ni=−n wixi (with wi ∈ W ) is a non-zero element
of M0 ∩ N = W.ZH ∩ N . Set W0 = w.ZK . Then the ZK-submodules {W0.(x2n+1)i :
i ∈ Z} generate their direct sum and so, if we put H0 = 〈K,x2n+1〉, then W0ZH0 =
W0 ⊗ZK ZH0. Thus N is not impervious as ZH0-module. By Lemma 2.1, it is therefore
not impervious as ZH -module, a contradiction which completes the proof. 
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commutative Noetherian ring. Let M be a finitely generated RH -module. Then there exist
uniform submodules M1, . . . ,Mk of M so that
⋂k
i=1 StabAutH M ′i is a subgroup of finite
index in StabAutH M , for any non-zero submodules M ′i of Mi (i = 1, . . . , k).
Proof. We claim firstly that, for any RH -module V and any essential submodule W ,
StabAutH V = StabAutH W . It is clear that StabAutH W  StabAutH V . Suppose that γ ∈
StabAutH V . Then there exist non-zero submodules V1 and V2 of W so that V1 ∼= V2γ ;
let ψ :V1 → V2γ be an isomorphism. It is easily verified that ψ(W ∩ V1) ∩ W and
ψ−1 (ψ(W ∩ V1)∩W)γ are then non-zero isomorphic submodules of W and Wγ . Thus
γ ∈ StabAutH W and the claim is proved.
Thus we need consider only StabAutH Mi and the claim when M ′i replaces Mi will
follow.
Let M̂ denote the injective hull of M . Isomorphisms between essential submodules
extend to isomorphisms of injective hulls and so two modules will be similar precisely if
their injective hulls are isomorphic. Thus
StabAutH M = StabAutH M̂ = {α ∈ AutH : M̂ ∼= M̂α}.
Because M is finitely generated, M̂ is a direct sum of indecomposable injectives M =
M̂1 ⊕ · · · ⊕ M̂k and, by the Krull–Schmidt theorem for injective modules, the multiplicity
and isomorphism types of the factors are unique. Thus
⋂
i Stab(M̂i) has finite index in
Stab(M̂). Set Mi = M̂i ∩ M . Since M is essential in M̂ and each Mi is essential in M̂i ,
we can use the first paragraph of the proof to show that StabAutH M = StabAutH M̂ and
StabAutH Mi = StabAutH M̂i . The result follows. 
2.3. Impervious modules and wreath products
Proposition 2.4. Let H be a finitely generated nilpotent group and M a finitely generated
ZH -module. Let G be any extension of M by H . Then the following are equivalent:
(1) M and all of its quotients are impervious ZH -modules;
(2) G has no subgroup of finite index which has a quotient isomorphic to the wreath
product Cp wr C∞ of a cyclic group Cp of prime order p with an infinite cyclic
group C∞.
Proof. Suppose firstly that G has a subgroup G0 of finite index with a normal subgroup
Y so that G0/Y is isomorphic to the wreath product Cp  C∞. Let H0 be the image of G0
in H so that H0 has finite index in H . By Lemma 2.1, it will suffice to show that some
H0-section of M is induced from a subgroup of infinite index. To ease notation, we shall
simply assume that G0 = G. Let X be the subgroup of G which corresponds to the base
group of the wreath product G/Y . Hence G/X is infinite cyclic and X/Y is an infinite
elementary abelian p-group.
Observe that MY/Y ∼= M/(M ∩ Y ) and so MY/Y is an abelian normal subgroup of
the wreath product G/Y . Thus MY/Y lies in the base group of the wreath product; that
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finitely generated nilpotent group G/M . It is thus finite. As X/Y is infinite, MY/Y must
also be infinite. Note that MY/Y is centralised by X and hence so also is M/(M ∩ Y ).
Thus M/(M ∩ Y ) is an infinite Fp(G/X)-module, where Fp denotes the ring of integers
modulo p. As Fp(G/X) is a principal ideal domain, M/(M∩Y ) contains a free Fp(G/X)-
submodule. This submodule is then a ZG-submodule of M/(M ∩ Y ) which is induced
from a trivial module on X. Hence M is not an impervious ZG-module. The proof that (1)
implies (2) is complete.
Suppose now that some ZH -quotient of M is not impervious. To ease notation, we shall
assume that this quotient is M itself. We can therefore assume that M contains a non-zero
submodule of the form M1 = N ⊗ZK ZH with N a ZK-submodule of M and K a normal
subgroup of H with H/K infinite cyclic. By replacing N by a simple quotient and thus
passing to a quotient of M we can assume that N is a simple ZK-module. Thus, by [10,
Theorem A], N is finite.
Since N is finite, the centraliser of N in K has finite index and so we can find a
normal subgroup H0 of H , having finite index, so that H0 ∩ K centralises N . Thus N
is a finite dimensional trivial Fp(H0 ∩K)-module. To ease notation again, we can assume
that H0 = H so that N is itself central in K and hence is isomorphic to some cyclic group
of prime order, Fp say. Hence M1 ∼= Fp ⊗ZK ZH .
Let P = AnnZH(M1) and observe that
ZH/P ∼= Fp(H/K).
By the Artin–Rees lemma (see, for example, [9, Theorem 11.2.8 and Corollary 11.3.12]),
there is a positive integer n such that
MPn ∩M1 ⊆ M1P = {0}.
Thus M/MPn embeds a copy of M1 ∼= Fp(H/K). In particular, M/MPn is infinite and it
is easily checked that M/MP is therefore also infinite.
Denote by F the normal subgroup of G for which the image in H is K; thus G/F is
infinite cyclic. Let L be a G-normal subgroup of F , containing MP , which is maximal
with respect to the property that F/L is infinitely generated. Observe that F/MP , and
so also F/L, is nilpotent. Thus the commutator quotient of F/L must also be infinitely
generated and so the maximality of L implies that F/L is abelian. Observe that F/M is
an extension of an elementary abelian p-group by a finitely generated group and so the
same applies for F/L. Thus F/FpL is also infinitely generated. That is, F/L must be
an infinite elementary abelian p-group and so a module for Fp(G/F). As the latter is a
principal ideal domain, and recalling the maximality of F , we see that it must be a free
module of rank 1. But then G/L is just the required wreath product, which completes the
proof that (2) implies (1). 
2.4. Connected polycyclic groups
It is a well-known theorem of L. Auslander that a polycyclic group can be embedded
into some GL(n,Z).
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ρ :G → GL(n,Z) such that ρ(G) is connected in the topology induced from the Zariski
topology of GL(n,Z).
When discussing a connected group G, we will usually suppress the embedding and
regard G as a subgroup of GL(n,Z). Topological terms applied to G will refer to the
topology induced on G by the Zariski topology.
Our first observation is elementary and well-known.
Lemma 2.5. Every polycyclic group G contains a connected normal subgroup of finite
index. A finitely generated torsion-free nilpotent group is connected.
Proof. To see the first sentence, observe that by, for example, [13, Theorem 5 of
Chapter 5], G can be embedded into some GL(n,Z). By [14, Lemma 5.2], the connected
component of the identity in G is a normal subgroup of finite index.
The second sentence follows from two observations. Firstly, a finitely generated torsion-
free nilpotent group can be embedded as a unipotent subgroup of some GL(n,Z) (see,
for example, [13, Theorem 2 of Chapter 5]). Secondly, every closed normal subgroup C
of a unipotent subgroup H of some GL(n,Z) is isolated (this follows by combining
Theorem 6.4 with Lemma 6.6 of [14] and observing that unipotent subgroups of GL(n,Q)
are torsion-free). Thus, in a unipotent group, the connected component of the identity is
both isolated and of finite index and so is the whole group. 
We have introduced connected groups because we want groups which satisfy certain
properties. We list them here. The second property is attributed by Roseblade [11] to
Wehrfritz. We include a proof here for completeness.
Lemma 2.6. Let G be a connected polycyclic group. Then
(1) The derived group of G is unipotent; in particular, it is nilpotent.
(2) G is orbitally sound; that is, if H  G with |G : NG(H)| finite, then H contains a
subgroup of finite index which is normal in G.
(3) The FC-centre of G coincides with the centre of G.
(4) Let N1  N2 be normal subgroups of G and suppose that N1 has finite index in its
closure in G. If some subgroup of finite index in G acts trivially on N2/N1, then G
acts trivially on N2/IN2N1 where IN2N1 denotes the isolator of N1 in N2.
Proof. Because G is connected, it has no proper closed subgroup of finite index, by [14,
Lemma 5.3]. We will use this fact without further comment.
(1) Because G is soluble, it has a subgroup of finite index which is triangularisable. It is
easy to see that G therefore contains a closed triangularisable subgroup of finite index and
so G itself is triangularisable. Thus the derived group of G is unipotent, as required.
(2) Let H be a subgroup of G such that the normaliser L has finite index in G. Denote
by N the largest unipotent subgroup of G. Let I denote the isolator in N of H ∩N . Then
I is an isolated subgroup of N and so, by [13, Proposition 8 of Chapter 8], is closed. Thus
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index in G. As G is connected, I is normal in G.
Consider now the subgroup [L,H ]. As G/N is abelian, [L,H ]N . As H is normal
in L, then [L,H ] H . Thus [L,H ] H ∩ N  I . Thus L centralises H/H ∩ I and so
if C/I denotes the centraliser of H/H ∩ I in G/I then C/I is of finite index in G/I .
But centralisers in G/I are closed and so C/I is closed. Hence C is both closed and of
finite index in G. Thus C = G and so [G,H ] I . But then IH is normal in G and H has
finite index in IH (because I ∩H has finite index in I ). Thus there exists a characteristic
subgroup H1 of IH which is of finite index in IH and lies in H . Hence H1 is normal in
G and of finite index in H , as required.
(3) Each element of the FC-centre of G has finitely many conjugates and so has
centraliser of finite index. But centralisers are closed in the Zariski topology and so the
elements of the FC-centre of G must be central.
(4) Let N1 denote the closure of N1 in G. Then N1 is also a normal subgroup of G and
G/N1 inherits the Zariski topology. Thus the centraliser of N2N1/N1 is a closed subgroup
of G. But this centraliser is the centraliser of N2/N2 ∩N1 which contains the centraliser of
N2/N1. Thus the centraliser of N2N1/N1 is of finite index in G and so is G itself. Since
IN2N1 N2 ∩N1, G also acts trivially on N2/IN2N1. 
3. Stabilisers of modules over nilpotent groups
This result is essentially just a translation of the main theorem (Theorem B) of [6] from
the case of crossed products to that of groups. The translation requires some work, however.
Theorem 3.1. Let H be a finitely generated torsion-free nilpotent group and let R be a
commutative Noetherian ring. Let M be a finitely generated impervious fully faithful RH -
module.
Then StabAutH M contains a subgroup of finite index which acts trivially on the
abelianisation H/H ′ of H .
Proof. Observe that the hypotheses on the module M are inherited by submodules. We
shall use this without further comment.
We begin by reducing the problem to one where M is torsion-free over various rings.
Let M1, . . . ,Mk be the uniform submodules of M given by Lemma 2.3. If we can show
that for some non-zero submodules M ′i of Mi (i = 1, . . . , k) the theorem is true, then
we will know that each StabAutH M ′i has a subgroup of finite index which acts trivially
on H/H ′. But then, by Lemma 2.3, StabAutH M also has a subgroup of finite index which
acts trivially on H/H ′. Thus it suffices to prove the theorem for each such M ′i . We shall
take M ′i to be the victim of a maximal associated prime in Rζ(H). To ease notation we
shall assume that M ′i = M and that, for some prime ideal P of Rζ(H), M is torsion-free
as Rζ(H)/P -module.
Because no non-zero submodule of M is centralised by a non-trivial element of H , we
must have that (1 + P) ∩ ζ(H) = {1}. We can thus apply [4, Theorem 3.2] to show that,
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finite-by-cyclic, then M is RH1/P.RH1-torsion-free.
Let H0 denote the isolator of H ′ in H . Then H0/H ′ is finite and H0 satisfies the
conditions described above for H1.
The next step is to form suitable rings and modules of fractions
For a general discussion of rings of fractions we refer to [7, Chapter 9]. Observe that
our assumptions imply that M is a torsion-free (R/R ∩ P)-module. We shall simplify the
discussion by assuming that R ∩P = {0} so that R is an integral domain.
Denote ζ(H) by Z and H0 ∩Z by Z0 and P ∩RZ0 by P0. Then it is easily verified that
RH/P.RH ∼= RZ/P ⊗RZ RH ∼= RZ/P ⊗R (H/Z) (3.1)
and
RH0/P0.RH0 ∼= RZ0/P0 ⊗RZ0 RH0 ∼= RZ0/P0 ⊗R (H0/Z0).
Because
RZ0/P0 = RZ0/(P ∩RZ0) ∼= (RZ0 + P)/P RZ/P
and H0/Z0 ∼= H0Z/Z  H/Z, it follows that RH0/P0.RH0 embeds as a subring of
RH/P.RH . In fact RH0/P0.RH0 is the image of RH0 under the natural epimorphism
RH → RH/P.RH . It follows that M will be torsion-free as RH0/P0.RH0-module.
Because R is assumed to be an integral domain and H is a torsion-free nilpotent, and
so ordered, group, RH has no non-zero divisors of zero. Using (3.1) and the fact that H/Z
is also a torsion-free nilpotent group, it is easily verified that RH/P.RH also has no non-
zero divisors of zero. We can use [9, Lemma 13.3.5(ii)] to show that the non-zero elements
of RH0 form a right divisor set in RH (the lemma is stated for R a field but the extension
to the case where R is an integral domain is straightforward). It is similarly verified that
the non-zero elements X of RH0/P0.RH0 form a right divisor set in RH/P.RH . Thus
we can form the ring of fractions (RH/P.RH)X−1. The subring (RH0/P0.RH0)X−1 is
clearly a division ring, which we shall denote by D. The full ring (RH/P.RH)X−1 has
the structure of a crossed product DA of D by the free abelian group A = H/H0.
We now turn to the module of fractions and verify some properties.
We can also form the module of fractions MX−1 = M ⊗RH (RH/P.RH)X−1 and,
because of the fact that M is RH0/P0RH0-torsion-free, the natural map from M to MX−1
will be an injection. We shall identify M with an RH -submodule of MX−1 using this
map. If H1 is a subgroup of H which contains H0 and so that H1/H0 is cyclic, then
the arguments above again show that M is torsion-free as RH1/P1RH1-module where
P1 = P ∩ RH1. If we translate this information to MX−1 rather than M , we obtain that
MX−1 is torsion-free as D(H1/H0)-module. Since this works for each subgroup H1 with
H1/H0 cyclic, we have that MX−1 is DA1-torsion-free for every cyclic subgroup A1 of A.
That is, in the language of [6], FM(A) = {1}.
We claim now that MX−1 is impervious as DA-module. Suppose that MX−1 has
a non-zero DA-submodule of the form L ⊗DB DA for B a subgroup of A with B/A
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MX−1/M . But the latter is X-torsion whereas L is a torsion-free RH0/P0RH0-module.
Since X consists of the non-zero elements of RH0/P0RH0 this clearly implies that
L = {0}. Thus N = {0}. Let H2 be the subgroup of H such that H2/H0 = B . Then N
is a RH2-submodule of M and N.RH ∼= N ⊗RH2 kH , contradicting the assumption that
M is impervious. The contradiction shows that MX−1 is impervious.
To finish the argument, we apply [6, Theorem B] and again translate the result back into
the context of the theorem.
Applying [6, Theorem B], it follows that StabAutAMX−1 is finite. It remains to relate
StabAutAMX−1 to StabAutH M . An automorphism γ of H will induce an automorphism
of RH which, as Z is characteristic in H , will induce an automorphism in RZ. As H0
is the isolator of the characteristic subgroup H ′, it will be itself characteristic and so will
be preserved by γ . If γ lies in the stabiliser of M then γ will also preserve the prime
ideal P . Thus γ will induce automorphisms of RH/P.RH and of RH0/P.RH0. So γ
induces an automorphism γ ◦ of DA = (RH/P.RH)X−1 and thence an element, which
we also denote by γ ◦, of Aut(A) = Aut(H/H0). It is easily verified that if M and Mγ
have isomorphic essential submodules then MX−1 and MX−1γ ◦ also have isomorphic
essential submodules. Thus we have a natural map
StabAutH M → StabAutAMX−1.
Since StabAutAMX−1 is finite, there is a subgroup S of finite index in StabAutH M which
consists of automorphisms which induce the identity map on A = H/H0.
Because H is finitely generated, H0/H ′ is finite and so there is a subgroup S1 of finite
index in S which induces the identity on H0/H ′ as well as the identity on H/H0. But then
the image of S1 in Aut(H/H ′) is a subgroup of Hom(H/H0,H0/H ′). Since H0/H ′ is
finite, this homomorphism group will also be finite and so there is a subgroup S2 of finite
index in S1 which consists of automorphisms of H inducing the identity on H/H ′. Since
S2 has finite index in StabAutH M , the proof is complete. 
4. Modules over polycyclic groups
Theorem A. Let G be a torsion-free connected polycyclic group and let R be a
commutative ring. Let M be an impervious RG-module which is fully faithful for G.
Suppose that M is (Rζ(G)/P )-torsion-free where ζ(G) is the centre of G and P is a
prime ideal of Rζ(G). Set H = G′ζ(G); then M is RH/P.RH -torsion-free.
Proof. We begin with some reductions. The fact that we may assume that M is a cyclic
RG-module and that R is finitely generated by units is the content of the first three
paragraphs of the proof of [4, Theorem 3.2]. Those arguments work equally well here and
we shall not repeat them. Observe that the hypotheses imply that M is R/R ∩ P -torsion-
free; thus we can assume that R ∩P = {0}. That is, we can assume that R is a domain and
that M is R-torsion-free.
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standard use of techniques of Roseblade.
Lemma 4.1. With the hypotheses of Theorem A, suppose that A is an abelian normal
subgroup of G. Set
P ′ = P ∩R(A∩ ζ(G)).
Then M is (RA/P ′.RA)-torsion-free.
Proof. Because we have assumed that M is R-torsion-free, M will embed into M ⊗R R
where R denotes the field of fractions of R. The hypotheses of the theorem clearly hold
if we replace R by R. Suppose we can prove the conclusion of the lemma when R is a
field. Then M ⊗R R will be RA/P ′.RA-torsion-free. Coupled with the facts that M is R-
torsion-free and that RA/P.RA embeds into RA/P ′.RA, this easily gives the conclusion
of the lemma in the general case.
Thus we can assume that R is a field. Let Q be a maximal annihilator in RA of a
non-zero element of M . Then Q is a prime ideal and, by [10, Lemma 3],
∗Q.RG ∼= ∗Q⊗RN RG,
where N is the normaliser of Q in G and ∗Q is the victim of Q in RG; that is, the set
{m ∈ M: mQ = {0}}. Because M is impervious, N has finite index in G. Thus Q has
finitely many G-conjugates and so (1 + Q) ∩ A also has finitely many G-conjugates.
Because G is connected, it is also orbitally sound by Lemma 2.6(2), and so there is a
subgroup B of finite index in (1 + Q) ∩ A which is normal in G. But a subgroup which
is normal in G and centralises ∗Q must centralise ∗Q.RG. Because M is fully faithful, B
must be trivial. Since G is torsion-free, it follows that (1 +Q)∩A = {1}.
In the language of Roseblade [11], Q is a faithful G-orbital prime of RA. Hence, by [11,
Theorem D], Q is controlled by the G-orbital elements of A, that is, by the intersection
of A with the FC-centre of G. By Lemma 2.6(3), the FC-centre of G coincides with
the centre. Thus Q is controlled by A ∩ ζ(G); that is, Q = (Q∩ (A ∩ ζ(G)))RA. But M
is Rζ(G)/P -torsion-free and so R(A ∩ ζ(G))/(P ∩ R(A ∩ ζ(G)))-torsion-free. Thus, as
Q∩R(A∩ ζ(G)) annihilates a non-zero submodule of M , we have that
Q∩R(A∩ ζ(G))= P ∩R(A∩ ζ(G))
and so Q = (P ∩R(A∩ ζ(G)))RA.
Hence a maximal annihilator of a non-zero element of M is (P ∩ R(A ∩ ζ(G)))RA.
Since all elements have at least this annihilator, it follows that all non-zero elements have
exactly this annihilator and the result follows. 
We return to the proof of the theorem. Assume the contrary; that is, that M is not
RH/P.RH -torsion-free. We aim to apply Theorem A of Brookes and Brown [2]. By
passing to a submodule, we can assume that M is RH/P.RH -torsion. By again passing to
a submodule we can assume that M is critical.
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M has a non-zero RH -submodule of the form W ⊗RK RH for some RK-submodule W
of M . By passing to a submodule we can suppose that W is critical. Recall that R is a
finitely generated commutative ring and so every field quotient of R will be finite. Hence
Theorem A of Roseblade [10] applies to show that every simple RH -module is finite.
Thus we can apply Lemma 10 of Segal [12] to show that W.RH is also critical. It follows
that no proper quotient V of W can be embedded in M for otherwise V would be of
smaller dimension than W and so V.RH would be of smaller dimension than W.RH ,
contradicting the assumption that M is critical. Finally, we claim that W is impervious.
For otherwise we can write W ∼= U ⊗RL RK for some isolated proper subgroup L of K .
But then U.RH ∼= U ⊗RL RH , contradicting the minimality of K .
Hence [2, Theorem A] applies to show that
W.RG = WRN ⊗RN RG, where N = NG(K).
The imperviousness of M implies that N must have finite index in G. Since G is connected
and so orbitally sound, by Lemma 2.6(2), K has a G-normal subgroup of finite index. Since
K must be the isolator in H of this normal subgroup, K must itself be normal in G. Let
S = {g ∈ G: Wg ∼=RK W }. We can now apply [2, Lemma 3.2] to show that
W.RG = W.RS ⊗RS RG.
Again the imperviousness of M implies that S has finite index in G.
We wish to apply Theorem 3.1 to W . We know already that W is a finitely generated
impervious RK-module. We must show that W is fully faithful for K; as K is nilpotent, it
suffices to prove that W is fully faithful for A = ζ(K). By Lemma 4.1, M is torsion-free
as RA/P ′.RA-module. Thus if some element of A centralises a non-zero RK-submodule
of W then it centralises all of M . But no non-trivial element of G centralises M and so no
non-trivial element of A centralises a non-zero submodule of W .
Thus we can apply Theorem 3.1 to show that StabAutK W has a subgroup of finite index
which acts trivially on K/K ′. Since G acts by conjugation as automorphisms of K , it
follows that S acts as a subgroup of StabAutK W . Thus some subgroup of finite index in G
acts trivially on K/K ′. But K ′ is a G-normal subgroup of G′, which, by Lemma 2.6(1), is
a unipotent subgroup of G. Thus, by [13, Proposition 8 of Chapter 8], K ′ has finite index
in its closure in G. Thus, by Lemma 2.6(4), G acts trivially on K/K2 where K2 is the
isolator of K ′ in K . That is, [G,K]K2.
Recall that K H = G′ζ(G) and so
[K,K] [G′ζ(G),K]= [[G,G],K] [G,K,G] [K2,K],
where we have used Hall’s 3-subgroup lemma as well as the conclusion of the last
paragraph. It follows easily that the third term of the lower central series of K has finite
index in K ′ and thence that K ′ itself is finite. Because G, and so K , is torsion-free, K ′ is
trivial and K is abelian.
By Lemma 4.1, M is RK/P ′RK-torsion-free, where P ′ = P ∩R(K ∩ ζ(G)). But then
W.RH = W ⊗RK RH is RK/P ′RK ⊗RK RH = RH/P ′.RH -torsion-free. Since P  P ′
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But W.RH is an RH -submodule of M , which was assumed to be RH/P.RH -torsion.
This contradiction completes the proof. 
5. Stabilisers of impervious modules are arithmetic
We use as our guide for the following the discussion in Chapters 5 and 6 of Segal’s
book [13]. This is standard material and we briefly recall some of the details there
but the reader who is not familiar with the material in these two chapters is strongly
recommended to consult the book. Let H be a torsion-free nilpotent group. Then there
is a natural embedding of H into its Malcev completion H , which is a divisible torsion-
free nilpotent group with the property that some power of each element lies in H . Further,
every automorphism of H extends uniquely to an automorphism of H . Thus there is an
embedding of AutH into AutH .
It is possible to associate with H a Lie algebra L(H) and natural, mutually inverse,
maps
log :H →L(H) and exp :L(H) → H.
The correspondence ρ → log◦ρ ◦ exp then induces an isomorphism
Aut(H) ∼= Aut (L(H)).
The group Aut(L(H)) can naturally be identified with the Q-points A(Q) of an algebraic
group A defined over Q. That is, Aut(L(H)) and thence Aut(H) can be identified with a
closed subgroup of GL(n,Q) where n is the Q-dimension of L(H). The automorphism
group of H , which is naturally identified with the stabiliser in A(Q) of log(H), can
be shown to be commensurable with A(Q) ∩ GL(n,Z); that is, the image of AutH in
GL(n,Q) is an arithmetic subgroup of A. It is also useful to observe that H sits as a
subgroup of finite index in a group H 0 with the property that log(H 0) is a lattice stabilised
by AutH .
We shall prove Theorem B as a special case of a somewhat more general and more
technical result. Suppose now that H is a finitely generated nilpotent group (not necessarily
torsion-free) with torsion subgroup T . If H1 is any torsion-free subgroup of finite index in
H then H1 embeds as a subgroup of finite index in H/T and so the Malcev completion
H/T of H/T will coincide with that of H1. Hence AutH1 will embed in Aut(H/T ) which
we shall identify (as above) with a subgroup of GL(n,Q). Thus the automorphism group
of each torsion-free subgroup of H can be identified with a subgroup of GL(n,Q).
We can go further. Following [13, Exercise 10 of Chapter 6], we can embed AutH as a
subgroup of finite index in Aut(H/T )× Aut(H/H 0) for some characteristic subgroup H 0
of finite index in H . All the automorphism groups we consider can then be identified with
subgroups of GL(n,Q)× Aut(H/H 0). In the following lemma, commensurability should
be taken in this context; more precisely, two subgroups of this group are commensurable if
their intersection has finite index in each.
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Noetherian ring and let M be a finitely generated RH -module. Let H1 be a torsion-
free subgroup of finite index in H . Then AutH1 is commensurable with AutH and
StabAutH1 MH1 is commensurable with StabAutH M .
Proof. The embedding of AutH into the direct product Aut(H/T ) × Aut(H/H 0) and
the fact that this embedding has finite cokernel shows that AutH is commensurable with
Aut(H/T ). Thus, for the first part of the conclusion of the lemma, it suffices to show
that AutH1 is commensurable with Aut(H/T ). Observe that H1 embeds as a subgroup
of finite index in H/T . Thus an automorphism of H/T permutes those subgroups which
have index equal to the index of the image of H1 and so there is a subgroup F of finite
index in Aut(H/T ) which consist of automorphisms fixing the image of H1. This leads,
by restriction, to a natural map F → AutH1. This map is injective as H/T is torsion-free
and so any two automorphisms of H/T which agree on H1 are equal. Finally, an argument
similar to the one just used shows that the injection has finite co-kernel. Thus AutH1 and
Aut(H/T ) are commensurable which completes the proof of this first statement of the
lemma.
Denote AutH and AutH1 by A and A1, respectively; denote StabAutH MH and
StabAutH1 MH1 by S and S1. Let M1 denote M|H1 ; that is, M considered as RH1-module.
In this language, we have shown that A ∩ A1 has finite index in both A and A1. For the
second part of the lemma, we shall use the characterisation of the stabiliser in the form that
ρ ∈ S if and only if M̂ ∼= M̂ρ where M̂ denotes the injective hull of M . Observe firstly,
that by Lemma 2.3, it suffices to consider the case that M̂ is an injective indecomposable
RH -module. We shall use the following facts, they may be gleaned from the [3, Lemmas
in 2.1 and 2.2]:
(1) M̂|H1 is a direct sum of RH1-modules of the form V h for h ∈ H where V is an
injective indecomposable RH1-module.
(2) M̂ is injective as RH1-module and so M̂1 embeds as a submodule of M̂ ; we can and
will assume that V is isomorphic to a submodule of M̂1.
(3) M̂ embeds as a direct summand of V ⊗RH1 RH .
By the first statement of the lemma, S ∩ A1 has finite index in S. If ρ ∈ S ∩ A1, then
M̂ and M̂ρ are isomorphic as RH -modules and so therefore as RH1-modules. Thus each
V hρ is isomorphic to some V k with k ∈ H . That is, each element ρ of S ∩ A1 permutes
the isomorphism classes of injective indecomposable RH1-submodules of M̂ . Thus some
subgroup of T of finite index in S ∩ A1 fixes these isomorphism classes; that is, Vh is
RH1-isomorphic to V hρ for each h ∈ H and each ρ ∈ T . But M̂1 is a submodule of M̂
and so is a direct sum of such injective indecomposables. Thus, for each ρ ∈ T , M̂1 ∼= M̂1ρ
and so ρ ∈ S1; that is, T ⊆ S1. Hence S ∩ S1 has finite index in S.
By the first part of the lemma, S1 ∩A has finite index in S1 and each element of S1 ∩A
permutes the RH1-injective indecomposables of M̂1. Thus some subgroup T1 of finite
index in S1 ∩A fixes each such injective indecomposable and so fixes V . That is, V ∼= Vρ
for each ρ ∈ T1. But then a routine check shows that V ⊗RH1 RH is RH -isomorphic
to (V ⊗RH1 RH)ρ. Thus T1 permutes the injective indecomposable RH -submodules of
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this subgroup of finite index in T1 fixes M̂ and so lies in S. That is, S ∩ S1 also has finite
index in S1 and the proof is complete. 
It follows from this lemma that we can replace H by a torsion-free subgroup of
finite index if we wish to investigate the commensurability class of StabAutH MH . In the
following all topological terms will refer to the Zariski topology on GL(n,Q) or to the
topology induced on its subgroups.
Theorem 5.2. Let H be a finitely generated nilpotent group. Let R be a commutative
Noetherian ring and let M be a finitely generated RH -module. Let H1 be a torsion-
free subgroup of finite index in H and identify AutH with a subgroup of GL(n,Q) as
above. Then StabAutH1 MH1 is commensurable with a closed subgroup of AutH1. Hence
StabAutH1 MH1 is arithmetic and StabAutH MH is isomorphic to an arithmetic group.
Proof. We begin with the deduction of the final sentence of the theorem. Since AutH1
stabilises a lattice in L(H 1), some conjugate in GL(n,Q) will lie in GL(n,Z) and so be
commensurable with a closed subgroup of GL(n,Z). The conclusion in the penultimate
sentence of the theorem then implies that a conjugate of StabAutH1 MH1 is commensurable
with a closed subgroup of AutH1 and so with a closed subgroup of GL(n,Z). But [13,
Lemma 7 of Chapter 8] implies that the arithmetic subgroups of GL(n,Z) are precisely
those which are commensurable with closed subgroups of GL(n,Z). Thus some conjugate
of StabAutH1 MH1 is arithmetic and it is easily deduced that StabAutH1 MH1 itself is
arithmetic. The previous lemma now enables us to easily deduce that StabAutH M is
isomorphic to an arithmetic group.
The conclusion of the theorem applies to H1; rather than work with H1, we will assume
that H is torsion-free. We shall prove the theorem by induction on the Hirsch length of H .
We begin by applying Lemma 2.3. Suppose that M1, . . . ,Mk are the uniform submod-
ules of M given by Lemma 2.3. If we know that each StabAutH Mi is commensurable with
a closed subgroup of AutH , then Lemma 2.3 implies that StabAutH M is commensurable
with a closed subgroup of AutH . Thus it will suffice to assume that M is uniform. It will
be useful to recall at this point that the stabiliser of a uniform module coincides with the
stabiliser of all of its non-zero submodules.
By passing to a non-zero submodule of M , we can also assume that M is R/P -torsion-
free for some prime ideal P of R. We shall simplify notation by assuming that R is an
integral domain and M is R-torsion-free. It is straightforward to verify, if R denotes the
field of fractions of R, that
StabAutH M = StabAutH(M ⊗R R).
To simplify notation, we shall simply assume that R is a field.
Let M̂ be the injective hull of M . Because M is uniform, M̂ will be indecomposable.
Thus we can apply [1, Proposition 1] and its Corollary to show that there is an isolated
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M has a submodule isomorphic to V ⊗RL RH and
StabAutH M = StabNAutH (L) V . InnH,
where NAutH(L) is the normaliser of L in AutH and InnH denotes the group of inner
automorphisms of H .
Suppose firstly that L < H . Then we can apply the inductive hypothesis to (a finitely
generated submodule of) the RL-module V to show that StabAut(L) V is commensurable
with a closed subgroup of AutL. (Observe that V is uniform and so its stabiliser coincides
with the stabiliser of any non-zero sub-module.)
Consider the map
σ :NAutH(L) → AutL
induced by restriction. After an appropriate choice of bases for L(H) and for L(L), this is
a rational map, in the sense of [13, Chapter 8] and so will be a continuous map between
the two groups equipped with their respective Zariski topologies.
Thus σ−1(StabAut(L) V ) will be commensurable with a closed subgroup of NAutH(L).
But σ−1(StabAut(L) V ) is just StabNAutH (L) V which is therefore commensurable with a
closed subgroup of NAutH (L). We have chosen L as an isolated subgroup of H and
so, as is easy to verify, NAutH (L) is a closed subgroup of AutH . Thus StabNAutH (L) V
is commensurable with a closed subgroup C1 of AutH . Also InnH is a unipotent
subgroup of AutH and so, by [13, Proposition 8 of Chapter 8], is of finite index
in its closure C2 in AutH . Because InnH is a normal subgroup of AutH , then
by [13, Proposition 3 of Chapter 8], C2 is also a normal subgroup of AutH . Thus
StabAutGM = StabNAutH (L) V . InnH is commensurable with the subgroup C1C2. By [14,
Corollary 14.13], C1C2 is a closed subgroup of AutH and the proof is complete in the
case that L<H .
We can therefore suppose that L = H ; that is, that M̂ is impervious, as are all of
its submodules. Recall that M is uniform; hence we can replace M by any non-zero
submodule without affecting StabAutH M . We shall replace M by a non-zero submodule
with maximal centraliser K in H . Suppose, firstly, that K > {1}. If γ ∈ StabAutH M then
M and Mγ have isomorphic submodules and such an isomorphism class of submodules is
centralised by both K and γ (K). But the maximality of K now implies that K = γ (K);
that is that γ ∈ NAutH(K).
The quotient H/K may not be torsion-free; but then we can use Lemma 5.1 to replace
H/K by a torsion-free subgroup of finite index. We shall simply assume that H/K is
torsion-free. Consider now the rational (and so continuous) map
NAutH(K) → Aut(H/K).
The group StabAutH M is the complete inverse image under this map of StabAut(H/K)M .
The inductive hypothesis implies that the latter is commensurable with a closed subgroup
of Aut(H/K) and so the former is commensurable with a closed subgroup of NAutH(K).
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so StabAutH M is commensurable with a closed subgroup of AutH . Thus the theorem is
proved in this case.
Suppose now that K = {1}; that is, that M is fully faithful for H . Then the hypotheses
of Theorem 3.1 apply to show that StabAutH M has a subgroup of finite index which acts
trivially on H/H ′ and so nilpotently on H . This subgroup is thus unipotent and so, by
[13, Lemma 8 of Theorem 8] is of finite index in its closure in AutH . Thus StabAutH M
is commensurable with a closed subgroup of AutH and the proof of Theorem 5.2 is
complete. 
Theorem B follows immediately as a special case of Theorem 5.2.
6. Automorphisms of metanilpotent groups
We begin with a technical lemma which includes most of the argument necessary to
prove Theorem C.
Lemma 6.1. Let H be a finitely generated torsion-free nilpotent group, let R be a
commutative Noetherian ring, and let M be a finitely generated impervious RH -module.
Let K denote the largest normal subgroup of H which acts nilpotently on M . Then some
subgroup of finite index in StabAutH M acts nilpotently on H/K .
Proof. Let M1, . . . ,Mk be the uniform submodules of M given by Lemma 2.3. Thus⋂k
i=1 StabAutH M ′i is a subgroup of finite index in StabAutH M , for any non-zero
submodules M ′i of Mi (i = 1, . . . , k). Let Ki denote the largest normal subgroup of H
which acts nilpotently on M ′i . If, for each i , we know the statement of the lemma when M ′i
replaces M , then we can deduce that some subgroup Si of finite index in StabAutH M ′i acts
nilpotently on H/Ki . It then follows that some subgroup S of finite index in StabAutH M
acts nilpotently on H/Ki for each i and so on H/
⋂
i Ki . Set L =
⋂
i Ki . We claim that
LK .
Let I be the kernel of the natural map RH → R(H/L). Because L acts nilpotently on
the essential submodule N = M ′1 +· · ·+M ′k of M , we have that N.I l = 0 for some positive
integer l. Then I l has the (weak) Artin–Rees property (see, for example, [9, Section 11.2]).
Thus, M(I l)n ∩N ⊆ NIl = {0} for some n and so MIln ∩N = {0}. Since N is essential,
this implies that MIln = 0; that is, L acts nilpotently on M and so LK .
Thus the subgroup S of finite index in StabAutH M acts nilpotently on H/K . This
completes the proof once we have provided suitable modules M ′i for which we know the
lemma to be true.
Because K acts nilpotently on Mi , it centralises some non-trivial submodule of Mi .
Choose a non-zero submodule M ′i of Mi which has maximal centraliser C K in H . To
ease notation, we shall assume that M ′i = M . Then M is fully faithful for H/C. Thus no
non-trivial subgroup of H/C can act nilpotently on M; that is, C = K . Thus we can apply
Theorem 3.1 to M (regarded as R(H/K)-module) and deduce that there is a subgroup of
finite index in StabAut(H/K)M which acts trivially on H/H ′K and so nilpotently on H/K .
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induces an element of StabAut(H/K)M . The subgroup of finite index in StabAut(H/K)M
which acts nilpotently on H/K therefore lifts to a subgroup of finite index in StabAutH M
which acts nilpotently on H/K , as required. 
Theorem C. Let G be a finitely generated nilpotent-by-nilpotent-by-finite group with
Fitting subgroup F . Suppose that no subgroup of finite index of G has a quotient
isomorphic to some wreath product Cp wr C∞. Then the group of automorphisms induced
on G/F by automorphisms of G has a subgroup of finite index which acts nilpotently
on G/F .
Proof. Since G/F ′ inherits the hypotheses of the theorem and F/F ′ is the Fitting
subgroup of G/F ′ (see, for example, [13, Corollary 12 of Chapter 1]), it will suffice to
consider G/F ′; that is, to suppose that F is abelian. Observe that we can find a subgroup
G0 which is characteristic and of finite index in G and so that G0/F is torsion-free
nilpotent. Thus G0 will again inherit the hypotheses of the theorem and if we can prove the
result for G0 then the result for G is easily deduced. Thus we shall assume that G0 = G;
that is, that G/F is torsion-free nilpotent.
Denote G/F by H and, to agree with previous notation, denote F by M . Thus M
is a finitely generated ZH -module and, by Lemma 2.4, M and all of its quotients are
impervious. Because M is the Fitting subgroup of G, it is invariant under automorphisms
of G and so each automorphism ρ of G induces an automorphism ρ of H . Further we then
have that M ∼= Mρ via the map m → ρ(m). Thus, ifA denotes the group of automorphisms
of H induced by automorphisms of G, then A is a subgroup of StabAutH M .
We can now apply Lemma 6.1 to show that some subgroup of finite index in
StabAutH M , and so in A, acts nilpotently on H/K where K is the subgroup of elements
of H which act nilpotently on M . Since M is the Fitting subgroup of G, then K = {1} and
so this subgroup of finite index acts nilpotently on H itself. The proof is complete. 
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